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3 Computational and graphical results

3.1 Complete three-dimensional theory

The equations of motion of the Lagrangian (4) and the Lagrange equations (5-7)
are:

θ̈ = −2ṙ θ̇ − φ̇2 r cos (θ) sin (θ)

r
, (36)

φ̈ = −2φ̇r cos (θ) θ̇ + 2φ̇ ṙ sin (θ)

r sin (θ)
, (37)

r̈ =
r3 θ̇2 + φ̇2 r3 sin (θ)

2 −GM
r2

. (38)

In addition, β is de�ned by the �rst-order di�erential equation

β̇ =

√
θ̇2 + φ̇2 sin (θ)

2
. (39)

For a potential only depending on the radial coordinate r, a motion in a plane
follows. For the initial conditions

θ̇(0) = 0, (40)

θ(0) = π/2 (41)

we obtain a motion in the XY plane. In general, the constants of motion are
the angular momenta

L = m r2β̇ = m r2
√
θ̇2 + φ̇2 sin(θ)2, (42)

Lφ = m r2φ̇ sin(θ)2. (43)
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If the initial condition for θ̇ is di�erent from zero, an oblique planar orbit ap-
pears. The results are graphed in Figs. 1-5. The periodicity in the graphs
shows that we have a periodical motion, i.e. an ellipse. In particular, r oscil-
lates between a minimal and maximal value (Fig. 2). From Fig. 3 it can be
seen that the angle β is identical to φ for planar motion (β has been shifted by
use of an initial value di�erent from that of φ). This means that no additional
information is obtained from β. This may be di�erent for non-planar orbits.

The 3D orbit is plotted in Fig. 4, showing an ellipse rotated against the
XY plane. Fig. 5 shows the constants of motion L and Lφ computed from
the resulting orbit. They are constant as expected, and for an orbit in the XY
plane follows

L = Lφ (44)

as expected. So far we have arrived at a consistent state of the numerical
calculation.

3.2 Angular-dependent potentials

Non-planar orbits are obtained form angle-dependent potentials. First we use
a potential dependent on the polar angle:

U1 = −mMG

r
sin(θ). (45)

This leads to the orbit graphed in Fig. 6. The orbit oscillates in height. The
constants of motion are impacted, the modulus of angular momentum (42) is
no more a constant of motion as seen from Fig. 7. The motion around the Z
axis, however, conservers angular momentum Lφ as before.

Finally we introduce an additional φ dependence of the potential:

U2 = −mMG

r
sin(θ) cos(φ). (46)

Then a di�erence between φ and β appears (Fig. 8). The orbit is not periodic
but the orbiting mass falls into the centre where the motion ends, at the upper
left end in Fig. 9. Both angular momenta are no more a constant of motion as
can be seen from Fig. 10.

3.3 Solution of the radial Schroedinger equation

The Schrödinger-like radial Equation (22) has been solved numerically. The
standard method in computational physics is to integrate the equation for a
grid of energy values (here represented by L, α and a) and �nd non-diverging
solutions for r →∞. These are the radial eigen states. Here we used the direct
integration with Maxima for some pre-de�ned parameters. It can be seen that
the solutions diverge in general.

In Fig. 11 and Fig. 12 two solutions for L = 1 and L = 5 are shown.
These (arbitrary) values correspond roughly to the number of extrema of ψ,
representing the angular momentum eigen state, as is the case for the physical,
convergent solutions obtained with other, more elaborate methods.
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Figure 1: Trajectories θ̇(t), φ̇(t).

Figure 2: Trajectories of ṙ(t), r(t).
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Figure 3: Trajectories θ(t), φ(t), β(t).

Figure 4: Orbit r(X,Y, Z).
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Figure 5: Constants of motion L and Lφ.

Figure 6: Orbit r(X,Y, Z) for potential (45).
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Figure 7: Angular momenta L and Lφ for potential (45).

Figure 8: Trajectories θ(t), φ(t), β(t) for potential (46).
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Figure 9: Orbit r(X,Y, Z) for potential (46).

Figure 10: Angular momenta L and Lφ for potential (46).
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Figure 11: Radial wave function ψ̇(r), ψ(r) for parameter L = 1.

Figure 12: Radial wave function ψ̇(r), ψ(r) for parameter L = 5.
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