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3 Numerical solutions and graphics of selected

results

We will consider three special cases of gyroscopic motion in this section.

3.1 Motion of a free falling gyroscope

We compute the motion of a symmetric top with one point �xed, where the
�xed point is freely moving in the Z direction. This is a free falling gyroscope.
The model of the gyro �xed having Euler angles θ, φ, ψ is extended by a
coordinate R representing the Z motion, see Fig. 1. Then the rotational part
of the Lagrangian is according to Eq. (46):

Trot =
1

2
I12

(
φ̇2 sin(θ)2 + θ̇2

)
+

1

2
I3

(
φ̇ cos(θ) + ψ̇

)2

. (79)

The translational part has to be extended by an Ṙ term, representing the ve-
locity in Z direction:

Ttrans =
m

2

(
Ṙ+ hθ̇ sin(θ)

)2

. (80)

Correspondingly the potential energy is

U = mg (h cos(θ) +R) (81)

with gravitational acceleration g. The Lagrangian is

L = Trot + Ttrans − U. (82)

The four Lagrange equations consist of three equations for θ, φ, ψ as before plus
an additinal one for the R coordinate:

R̈ = hθ̈ sin(θ) + hθ̇2 cos(θ)− g. (83)
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There is a coupling between the second derivatives of R and θ, therefore this
is not the canonical form. Resolving the Lagrange equation system of four
unknowns θ̈, φ̈, ψ̈, R̈ then gives the canonical equations

θ̈ =

(
(I12 − I3) φ̇

2 cos (θ)− I3 φ̇ ψ̇
)
sin (θ)

I12
, (84)

φ̈ = −

(
(2I12 − I3) φ̇ cos (θ)− I3 ψ̇

)
θ̇

I12 sin (θ)
, (85)

ψ̈ =

(
(I12 − I3) φ̇ cos (θ)

2 − I3 ψ̇ cos (θ) + I12 φ̇
)
θ̇

I12 sin (θ)
, (86)

R̈ = h cos (θ) θ̇2 +

(
(I12 − I3)h φ̇

2 cos (θ)− I3h φ̇ ψ̇
)
sin (θ)

2

I12
− g. (87)

The numerical solution of Eqs. (84-87) is presented in Figs. 2-4 for a sutable
set of initial conditions. From Fig. 2 can be seen that the angles of nutation
and precession (θ and φ) oscillate with phase shift while the angel of rotation
(ψ) increases roughly linearly, i.e. the rotation speed is nearly constant but
modulated by the other angle positions. There is an impact on the rotation of
the rigid body around its body axis. This e�ect cannot occur when only two
angles of polar coordination system (θ, φ) are used, then the degree of freedom
is lowered by one and essential information is missing. The gyroscope is moving
in free fall in negative Z direction. This can be seen from the free fall parabola
of R (Fig. 3). The velocity would be linear in such a case but is modulated by
the angular precession. The space curve of the centre of mass (Fig. 4) shows
an elliptic helix with variable pitch due to the acceleration in −Z direction.

3.2 Explanation of Laithwaite experiment

In the Laithwaite experiment a spinning top is lifted in a way that during lift-
o� the axis is moved in a manner that the force for lifting obviously is small
compared to the weight of the spinning top. It may be that the initial conditions
of nutation are modi�ed so that the gravitational force is counteracted for a
moment. This means that

R̈ = 0 (88)

for this moment. Inserting this in Eq. (87) and assuming I12 = I3 for simplicity,
leads to the condition

g = h θ̇2 cos (θ)− h φ̇ψ̇ sin (θ)
2
. (89)

The simulation results show that such a condition can be met by a strong
negative initial value of θ̇ giving the spinning top a kick. Then the position
of the �xed point (held by hand) overshoots the initial position as shown in
Fig. 5. The vertical velocity v = Ṙ is positive and oscillates relatively strongly
during the later motion. The condition of weightlessness, Eq. (89), is graphed
in Fig. 6. The right hand side and left hand side of the equation are plotted,
and the spinning top is weightless at the intersection points of both curves. The
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details depend on the parameters chosen. Our calculation is a model calculation
without using parameters of the real system because this requires a considerable
recherche e�ort. We can show that the Laithwaite experiment is possible in
principle on the basis of classical dynamics.

3.3 External torque

An external torque can be introduced by a generalized force into the Lagrange
mechanism. Since we ware working with potentials here, we de�ne a potential
giving a constant torque Tq0 in Z direction (for the angle φ) by

Tq = −∂Uq

∂φ
(90)

with

Uq = −Tq0 φ (91)

and adding this to the potential energy:

U = mg (h cos(θ) +R) + Uq. (92)

This term - if chosen not too small - has an enormous impact on the motion of
the gyroscope. The results can be very exotic in dependence of the value of Tq0
and the initial conditions. Fig. 7 shows the three angular frequencies. There
is an initial phase where the φ rotation remains constant although an external
force is being applied. After this phase, φ̇ increases linearly in average due to
the torque as expected. The corresponding angular trajectories are graphed in
Fig. 8. The angle θ shows a nutation. Interestingly, the self-rotation of the
gyroscope changes direction after the initial phase, standing still for a short
moment (crossing of zero axis). The vertical velocity (Fig. 9) shows strong
oscillations which are even detectable in the linear motion R. The initial phase
is clearly discernible from the rest by inspecting the space curve of the centre of
mass (Fig. 10). After some irregular initial motions the φ rotation dominates.

Other, more complicated e�ects emerge when Tq is made periodic in time,
for example

Tq = Tq0 cos(ωt) (93)

with a time frequency ω. Then new e�ects like heterodynes in angular velocities
can appear, see Fig. 11 as an example. In this case there is no continuous
rotation in φ direction. By suitable initial conditions, it is even possible to stop
all rotations.

What could not be con�rmed is the lifting e�ect experimentally investigated
by Shipov. By applying a torque in φ (i.e. around the Z direction) a gyroscope
should lose weight. This would be an increase of linear momentum against
gravitational force. Although momenta can be exchanged between all kinds
of motion, a Lagrangian formalism conserves total momentum. This could be
circumvented by applying an external torque, but it seems that several kinds
of torque must be switched on and o� in a complicated way to give a resulting
linear motion against the gravitational force. A simple φ torque seems not to
reproduce such an e�ect.
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Figure 1: Geometry of a free falling gyroscope with one point �xed.

Figure 2: Trajectories θ(t), φ(t), ψ(t) for a free falling gyroscope.
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Figure 3: Vertical velocity v(t) and height R(t) for a free falling gyroscope.

Figure 4: Space curve for a free falling gyroscope.
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Figure 5: Example values v(t) and R(t) for Laithwaite experiment.

Figure 6: Both sides of Eq. (89) demonstrating weightless points.
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Figure 7: Trajectories θ̇(t), φ̇(t), ψ̇(t) for an external φ torque.

Figure 8: Trajectories θ(t), φ(t), ψ(t) for an external φ torque.
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Figure 9: Trajectories v(t), R(t) for an external φ torque.

Figure 10: Space curve for an external φ torque.
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Figure 11: Angular velocities for an external, time-varying φ torque.
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